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We compute the one-loop helicity amplitudes for low-energy wy — > V) scattering and its crossed 
channels in the standard model with massless neutrinos. In the center of mass, with y/s = 2u> <C 2m e , 
the cross sections for these 2 — > 2 channels grow roughly as lo 6 . The scattered photons in the elastic 
channel are circularly polarized and the net value of the polarization is non-zero. We also present 
a discussion of the optical activity of a sea of neutrinos and estimate the values of its index of 
refraction and rotary power. 
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INTRODUCTION 



Neutrino-photon elastic scattering vj — > vj and its 
crossed channels, which are of interest in astrophysical 
applications, have been studied usinga variety of models 
for the weak interaction |j], pi 0, m a m . When the center 
of mass energy y/s is much less than twice the electron 
mass 2m e , the amplitudes for these processes with mass- 
less neutrinos are of leading order s 2 /ra^, where raw is 
W-boson mass Q . This dependence leads to low-energy 
cross sections which grow as s 3 , with a scale set by mw . 
Apart from a factor ln(m?rr J 'm 2 .) , there is no dependence 
on m e in leading order. Here, we present expressions 
for the low-energy neutrino-photon helicity amplitudes 
which are valid to higher orders in s, and contain terms 
whose scale is set by in 2 . We find that the helicity flip 
anrplitudes for the v^ — > vj and the helicity non-flip am- 
plitudes for the 77 — ► vv, which vanish in leading order, 
are non-zero. Furthermore, the inclusion of higher pow- 
ers of s, such as s 3 /rriyy, enables us to use the forward 
elastic scattering amplitudes for ^7 — ► ^7 to study the 
optical activity of a sea of neutrinos @ ■ 

In the next section, we use invariant decompositions of 
the amplitudes for ^7 — > ^7 and its crossed channels to 
obtain properties of and restrictions on the correspond- 
ing helicity amplitudes. Section III gives the numerical 
results for the complete one-loop helicity dependent dif- 
ferential and total cross sections. This is followed by a 
discussion and conclusions, which include a treatment of 
the production of circularly polarized photons in low en- 
ergy v-f — ► 1/7 scattering. We also calculate the index of 
refraction and the rotary power for a sea of neutrinos as 
a function of the energy of an incident photon and the 
temperature of the neutrinos. 



HELICITY AMPLITUDES 



The general expressions for the Lorentz-invariant, Bosc 
symmetric, and time reversal invariant helicity ampli- 
tudes, A l ^~^ ul {s, t, u), for the process ^7 — > ^7 can be 
found in Refs. [§, §. They are 



A'^* L " r (s,t, u) — sucos(9/2)J 7 (s,t, u) , 



A1 



r (s,t,u) 



1 cos(9/2)F(u, t, s) 



(1) 

(2) 



(s,t,u) = stcos($/2)[g(s,t,u)-g(u,t,s)],(3) 
(s,t,u) = Al^(s,t,u), (4) 



where the Mandelstam variables s, t, and u are de- 
fined by s = (pi + fcx) 2 , t = (pi - p 2 ) 2 = -|«(1 - z), 
u = (pi — ki) 2 = — ~s(l + z), and z = cos9, with 9 the 
angle between the incoming neutrino, which is moving in 
the +z direction, and the outgoing neutrino. The helicity 
of the incoming photon is Ai = ±1 and the helicity of the 
outgoing photon is A2 = ±1. Here, the 4-momenta of the 
incoming neutrino and photon are p± and k\ , respectively, 
with pi and ki denoting the corresponding outgoing mo- 
menta. To ensure the conservation for the angular mo- 
mentum in Eqs. (|l|H(||), it is necessary to require that the 
functions !F(s,t,u), !F{u,t,s), and [Q(s,t, u) — Q(u,t, s)] 
be non-singular in the limit u — > (backward scattering) . 
In addition, the function [0(s, t. u) — Q{u, t, s)] must also 
be non-singular in the limit t — > (forward scattering). 

From the Eqs. (Ej)-(H), the interchange of s and u re- 
sults in the following relation 
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1/7— n/ 7 
Ai A2 



(s,t,u) = A u J^l 2 {u,t,s), 



(5) 



where, under this interchange, we have changed the fac- 
tor scos(6>/2) = s\J—u/s to U\J—s/u = —s\J~u/s = 
-scos{9/2). 

A similar decomposition of the helicity amplitudes 
A 1 ^^ 1 "" [s, t, u) for the crossed channel process 77 — > vv, 
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expressions are 



AT r +" /l/ (s,t,u) — ~su sin ft?" (£, s,u) , (6) 

A/^Z* uv (s,t, u) = — -stsm9J r (u,s,t) , (7) 

AVr uP (s,t,u) = ^s 2 sin9ig(t,s,u)~g(u, S ,t)},(8) 



Aiy™(s,t,u) 



AVr vv {s,t,u), (9) 

with s, £, and u defined by s = (fci + fc2) 2 , t = (k\ —pi) 2 = 
— is(l — z), u = (k 1 — p 2 ) 2 = — |s(l + z), and z = 
cos 0, where 9 is the angle between the incoming photon 
1, which is moving in the +z direction, and the outgoing 
neutrino. The helicities of the incoming photons are Ai = 
±1 and A2 = ±1, and the incoming photons have 4- 
momenta k± and ki , while p\ and p 2 are the momenta of 
the outgoing neutrino and anti-neutrino, respectively. In 
this case, conservation of angular momentum in Eqs. (g)- 
(@) requires that the functions J-(t, s, u), !F(u,s,t), and 
[G(t, s, u) — Q{u 1 s, £)] be non-singular in the limit u — > 0. 
This is sufficient to make these functions non-singular in 
the limit t — ► 0. 

Using Eqs. (0)-(P|), the interchange of t and u results 
in the following relation 

Al^ri^u) = -AVC-K^t). (10) 

In addition, the comparison of Eqs. (|l])-([§) with Eqs. (g)- 
(pf) shows that 

Al^(t,s,u) = -iA v X£{s^u). (11) 

Here, under the interchange of s and t, we have changed 
the factor s sin ( 



2sJtu/s 2 to 2tJsu/t 2 = -2^fsu = 

-2isy/{l + z)/2 = -2iscos(9/2). 

Using the invariance of the helicity amplitudes under 
the CPT operation, we obtain the helicity amplitudes 
for the processes P7 — ► ^7 and vv — > 77 from those of 
vy — > vy and 77 — > vv, respectively. The results are 



■4K">.t.«) = 


-A»xr X2 ( S ,t,u), 


(12) 
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- AXX(s,t,u) . 


(13) 



We have calculated the amplitudes for the diagrams of 
Fig. nl for isj — » vy and its crossed channels, in a non- 
linear R^ gauge such that the coupling between the pho- 
ton, the VU-boson, and the Goldstone boson (0) vanishes 
H H], |l2| . Since the Goldstone boson-electron couplings 
introduce a factor m 2 ./m 2 v , and we are keeping terms 
of this order in our amplitudes, the contribution from 
the Goldstone boson, in the diagrams of Fig. Ill must be 
included. For zero neutrino mass, the two sets of W- 
exchange and ^-exchange diagrams are separately gauge 
invariant. Also, the contributions of these two sets of di- 
agrams to the helicity amplitudes for vy — » ^7 separately 
have the structure of Eqs. (]l[)-(0). This is also true for 
the cross channel urocesses. 



Using the algebraic manipulation software form 1 1 3 
and SCHOONSCHIP P4] , we have expressed the diagrams 
in terms of Feynman parameter integrals, and for y/s <C 
2m e , have expanded these amplitudes in a power series in 
s/m 2 , t/m 2 , and m 2 /m 2 v . The results of the calculation 
for the functions !F(s,t,u) and Q(s,t, u) — Q(u,t,s), are 



J-(s,t,u) = 
Q(s,t,u) - Q(u,t,s) = 

where 

f(s,t,u) = - 
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g(s,t,u) ,(15) 
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Here, #iy is the weak mixing angle, a is the fine structure 
constant, and we have neglected higher powers of s/m 2 , 
t/m 2 , and m 2 ,/m 2 v . The first two terms of f(s,t,u) in 



Eq. (|l^) were previously derived in the Ref . ||] . These re- 
sults show that there are many higher order terms whose 
scale is set by m 2 . Note, however, that in the forward 
direction (t — 0) the scale in Eq. (M) is set by mfy . This 
suggests that Eq. (|6|) is valid even for yfs > m e when 
t = Q. 

We can confirm the validity of the forward limit of 
Eq. (|16|) for the range \fs <C mw by using the dispersion 
relation 



^3T 7 M,- 



-s = — 



s 2 r°° ds/_ 

<y\{s') o-a(-s') 



, (18) 



to obtain the exact value of the non-flip forward helicity 
amplitude A'^ r x ^' / ''(s,0,—s) for s < (mw + m e ) 2 . The 

cross section ctx = o\ 7 ^ e u is the total cross section 



for the process 1/7 — > e~W + , after summation over the 
helicities of the VF-boson and the electron (A is helicity 
of the photon). Using Eqs. (|J) and (O), it can be shown 
that the following symmetry relation must exist 



a X (-s')=<T- X ( S '). 

Therefore, we can write S 
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Air^(s,0,s) = - f 
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A calculation of <j\ (s) gives 
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(21) 



where 

/j,(x,y,z) = x + y + z — Ixy — 2xz — 2yz , (22) 



e{x,y,z) = In , . , (23) 

\x-y + z - y/(J,(x,y,Z)J 

and Gf = Tra/(\/2m'^ v sm 9w) is the Fermi coupling. 
After setting the electron mass to zero everywhere but 
in the logarithm, our spin averaged cross section (er + + 
<j_)/2 agrees with the result previously obtained by 
Seckel fij. 

Assuming \/i <C myy, an expansion of the dispersion 
integral Eq. (p0[) to order s 3 /m^y gives 



A 
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"(8,0,-8) = 



8m^ sin 



-/(s,0,- S ),(24) 
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A 



vy — nyy 



(8,0,-s) 



8ml sin 2 0™ 
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and we have neglected terms in higher powers of m%/n 
The function f(—s, 0, s) can be found from Eq. ( p6[ ) by 
replacing s by — s. Notice that Eqs. (24)-(|2q) are con- 
sistent with Eqs. (||) and (|l6|), and although Eq. ([l6]) was 
derived for y/s <§C 2m e , its range of validity for t = 0, as 
suggested above, extends to ^/s <C m^. 



3. DIFFERENTIAL AND TOTAL CROSS 
SECTIONS 

In Fig.g, we show the differential cross sections, for 

i/j — » 1/7, using 
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Ai A2 



(27) 



where Ai and A2 are the helicities of the incoming and 
outgoing photons, respectively. Here, z — cos 9, and is 
the angle between the incoming neutrino, which is mov- 
ing in the +z direction, and the outgoing neutrino. Fig- 
ure H shows the identity of the two helicity amplitudes 
A"+I* V1 and A V J^* V1 given by Eq. (|j). It also shows the 
vanishing of the amplitudes for backward scattering, and 
vanishing of the flip amplitudes for forward scattering, as 
given in Eqs. ©-(§. 

The total cross sections for helicities Ai and A2 are 
given by 



Ai A2 



<KY" 7 

Al A2 

dz 



dz , 



(28) 



and are plotted in Fig.|3| Also shown in dots is the he- 
licity flip cross section, which can be seen to be much 
smaller than the cross sections for helicity non-flip. This 
feature seems not to be a consequence of any symmetry. 
Figure || illustrates the roughly s 3 behavior of the total 
cross section for helicity non-flip, and s 5 behavior for the 
helicity flip, at photon energies lu <C m e . A fit to the 
points in Fig.0 gives 



vy — ►i/'y 
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3.9xlCT 32 | — I pb, 



2.0 x 1(T 32 — pb, 
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2.2 x 10 
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pb, 



(29) 
(30) 
(31) 



with 



(32) 



Here, u) = \fs/2 is the energy of a photon (or a neutrino), 
and m e is the mass of the electron. Therefore, the total 
cross section for an unpolarized initial photon can be 
approximated as 



1/7 — n/7 



3.0 x 10 



-32 



UJ 



pb , uj <^L m e . (33) 



This is the same uj 6 behavior as found in the numerical 
calculations of Ref. || for the region m e <C uj <C tnw> 
but with a larger slope. 

In Fig.Q, we show the differential cross sections for 
77 — ► vv, using 



dz 



1 
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(34) 



where Ai and A2 are the helicities of the incoming pho- 
tons. In this case, z = cos 6, with 8 being the angle 
between the incoming photon 1, which is moving in the 
+z direction, and the outgoing neutrino. The identity 



177- 



as 



of the two helicity amplitudes ATL and A 
implied by Eq. (J9|), is also shown in this figure, as is the 
vanishing of the amplitudes for the forward and backward 
scattering, implied by Eqs. (ra)-(H). Notice also that this 



figure clearly exhibits the symmetry relations of Eq. (10). 

The total cross sections for 77 — > vv are plotted in 
Fig. g, using 



r 77^ 
Ai A2 



1 dafXr 

1 dz 



dz . 



(35) 



Shown in dots is the cross section for the helicity non-flip, 
which can be seen to be much smaller than the helicity 
flip cross sections. Again, we see a roughly s 3 behavior 
of the dominant contributions to the total cross section, 
and a s 5 behavior of the non- leading contributions, at 
photon energies uj <C m e . Fits to the points in this case 
give 



77 — >vv 



4.0x10--" — pb, (36) 



■yy—>i/u _ r r in-39 



5.5xl0 _rf9 ( — ) pb, (37) 



with 



(38) 
,, - ., , . (39) 

which are the consequences of Eq. (|l(j) . The total cross 
section for the unpolarized initial photons can be approx- 
imated as 

6 



a~f~i-* uv = 2.0 x 10 
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UJ 



pb , uj <^L m e 



(40) 



In this case, too, the uj 6 dependence is the same as that 
found in Ref. [|10| for m e <C uj <§; rn\y, but with a large 
slope. 

The differential cross sections for the process vv — » 77, 
for photons with helicities Ai and A2, can be obtained 
from the following relation 



dafr 77 

A1A2 

dz 



dz 



(41) 



where z = cos^, and on the left side of this equation, 9 
is the angle between the incoming anti-neutrino, which 
is moving in the +z direction, and the outgoing photon 
1 with helicity Ai. The various helicity-dependent total 
cross sections are related as 
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'AA 

vv — >77 
r A-A 



-A-A ' 



-AA 



(42) 
(43) 



and total cross section for the production of a pair of 
back-to-back photons can be obtained from 
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.1 dz 
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(44) 



(45) 



In view of Eq. ([4l]) , we have 

a vv^~n — 2^77^"^ 

4. DISCUSSION AND CONCLUSIONS 



We have shown that the energy dependence of the cross 
sections a vl ^" J ' 1 and a 11 ^' vl ' at low energies, uj ^ m e , 
is the same as that in the energy region, m e <C uj <C 
mw ■ As a result, the effective interaction introduced in 
Refs. H and [|16| contains all the essential of the features 
of these cross sections. This includes the prediction that 
the final photons in the channel vj — > vj acquire (parity 
violating) circular polarization. 

To investigate the degree of circular polarization of the 
final photon in the process v"f — > 1^7, we define the po- 
larization P as 



O" + + - 



(46) 



vy->v~f j g ^ e g ne( J m gq^ ^pgh _ l^ J g c l ear 



where <J\ 1 x 2 = a 

from Eqs. (|29|)-(|32D that a^ = a |_ <C o , and <r__ ~ 

2 &++ ■ Therefore , for photons with the energies uj <^ m e , 
Eq. (B|) gives 



'4. 



(47) 



which is independent of the uj. This result in comparable 
to that found in Ref. In. where it was shown that P is 



about 0.3 for photons with energies 1 GeV < 10 
GeV. 



< 10 



The angular dependence, P(z), of the final photon's 
polarization in the process wy — > vj, can be obtained 
from the differential form of Eq. (E6h , 



P(z) 



da j dz — da ++ /dz 



do--jdz + 2dd-\ /dz + da ++ /dz 



(48) 



= da v ^ , ^ vl J dz are defined in the 



where the da\ x \ 2 /dz 

Eq. (J27]), and we have used the equality da^ /dz 

da y/dz. The polarization P(z) is plotted in Fig.0 as 

a function of z = cos 8, where 9 is the angle between the 
incoming and the outgoing neutrinos. In this figure, the 
solid line is for photons of energy uj — Tor/2, and the 
dashed line, which is taken from the Ref . [|3| , is for pho- 
tons of energy u> = 10 GeV . It is clear from Fig. M that 
the polarization P(z) remains effectively unchanged for 
wide range of energies u < 10 GeV. Notice that Eq. pq ) 
can be approximated as 



P(z) 



4-(l + z) 2 
4+ (1 + z) 2 



(49) 



which is independent of the energy of photon. 

Our low-energy helicity non-flip amplitudes, obtained 
from Eqs. (|l]) and (g) using Eq. (|lq), enable us to discuss 
the optical activity of a sea of neutrinos 0. To do this, 
it is necessary to establish a relationship between the 
forward-scattering amplitude and the Lorentz-invariant 
helicity amplitude for the general case where photons and 
neutrinos are colliding non-collinearly. Following M0ller 
fll7| , fl8| , we define the Lorentz-invariant differential cross 
section da, for the general non-collinear process 1 + 2 — ► 
3 + 4 as PI 



da 



\A(s,t,u)\' 
F 



dQ. 



(50) 



where A(s, t, u) is the Lorentz-invariant amplitude, F is 
the Lorentz-invariant flux 



F = 4 



y(pi -P2) 1 - m\m 



2 
2 ' 



(51) 



and dQ is the Lorentz-invariant phase space differential 

element 



dQ = (2n) 4 S^(p 1 +p 2 -p 3 - Pi ) 
d 3 p 3 d 3 p A 

X (2tt) 3 2E 3 (2tt) 3 2E 4 ' 

After integration over d 3 p4, we have 
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dQ 3 
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E 3 \p 3 \E4 



(52) 



(53) 



Here, TOj, Ei, and pi are the mass, energy, and mo- 
mentum of the particle i. respectively (i = 1.2.3.4). 



The resulting da is essentially identical to Eq. (93) of 
Ref. |§. From Eqs.©, @, and (|f), it is clear 
that, in the case of forward elastic scattering (777,3 = 
7771,7774 = 777,2 ',P3 = Pi, Pi = p 2 ) and for massless par- 
ticles (nn = 0, i = 1, 2, 3, 4), we have 



da 
'dJh 



t=o 



Ef\AjsA-s)l 
16ir 2 s 2 



(54) 



where s = (pi + p 2 ) 2 = / ±E 1 E 2 sin 2 (6> 12 /2), and 8 12 is 
the angle between the momenta p\ and p 2 of the initial 
incoming particles 1 and 2. A comparison of Eq. (J54J) 
with the cusomary definition of the scattering amplitude, 
written for forward scattering as 



da 



l/(0)| 2 



t=0 



Ei 



/(0) = 4^^ (S '°'- S) 



(55) 



(56) 



To compute the optical activity of a neutrino sea, we 
consider a photon of helicity A and energy u> traversing a 
bath of neutrinos that are in thermal equilibrium at the 
temperature T u . To give an order of magnitude estimate 



of the index of refraction n\ of this sea, we write [E0, 
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»A-1 = - 2 ldN v .flT 
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(0), 



(57) 



where the forward-scattering amplitude fxx^ityi from 



theEq. (|56|), is 

The Fermi-Dirac distribution, dN v , is 

1 d 3 p y 



dN„ 



(2tt) 3 e E »/ T " + 1 



(58) 



(59) 



and we have neglected the chemical potential for the 
neutrinos p2| . Here, A'C^ v ~ f (s,0 ) — s) is given in the 
Eqs. (pl)-(Eq), p v and E v are the momentum and energy 
of a neutrino, and s = 4uiE„sm (#„ 7 /2), where 9, 



'1/7 



IK 



the angle between the incoming photon and the incom- 
ing neutrino. Therefore, Eqs. (p7[) and (pq) give 



n\ - 1 = 






(60) 



After using Eq. © for dN v , Eqs. @-@ for the am- 
plitudes A"~{~^' J1 (s, 0, — s), and performing integration in 
the Eq. (p0|), we obtain 
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where (for a = 1/137) 
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1.1 x 10~ 3 ,(63) 
2.0 x 10~ 3 ,(64) 



and C,(x) is the Riemann zeta function. The range of 
the validity of the above relations for the index of refrac- 
tion, as far as energy is concerned, is related to that of 
Eqs. JP)-©, which is s = AljE u sin 2 (6» 1/7 /2) < m 2 w . In 
Eq. (|60|), if we change the upper limit of the integration 
on E v from the infinity to fT v , the contributions of this 
integral to cq and c\ in the Eqs. (61) and ( p2[ ) change by 
9% and 18%, respectively, if we use / = 7 (for / = 8, the 
corresponding changes are 4% and 10%). Here, we set 
the following criterion 



AujfT v < m 2 w , 
which for / = 7 is 

luT u < 2.7 x 10 15 GeV • K , 



(65) 



(66) 



where u> is the photon energy in GeV, and T„ is the neu- 
trino temperature in Kelvin. 



From Eqs. (61)-(p4), we have 
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and the following approximate relation 
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Equation ( |6q ) implies that the index of refraction is in- 
dependent of the helicity and the energy of the incident 
photon, as long as Eq. ( |6q ) is satisfied. 

When linearly polarized light propagates through a 
medium that has different indices of refraction for posi- 
tive and negative helicities (n + =/= n_ ), the plane of po- 
larization of the light rotates by an angle 0, which is |23}| 

<£ = — (n+-n_)Z = -(n+-n_)Z, (69) 



where u) and A 7 = lix jui are the energy and wavelength 
of the photon and I is the distance traveled by photons 
in the medium. To estimate the specific rotary power, 
<f)/l, for a sea of neutrinos, we use Eqs. ( pT[ ) and ( |69|) to 
obtain 



u 2 n 



i 



■ C\ 



(70) 



~ 1.8 x 10" 64 u?Tl rad/m. 
A positive angle of rotation, <fi > 0, that is n+ > n_, 
corresponds to a clockwise rotation (dextrorotation) of 
the plane of polarization of the linearly polarized inci- 
dent photons, as viewed by an observer that is detecting 
the forward-scattered light. Thus, the optical activity of 
a neutrino sea is that of a dextrorotary medium. In addi- 
tion, it is clear from Eq. ( f70| ) that the rotary power, <j>/l, 
varies as 1/A 2 , which is the same as that of quartz and 
most transparent substances for visible light. 

To get a rough estimate of rotation angle <fr for linearly 
polarized photonspropagating through the relic neutrino 
sea, we use Eq. ( |70| ) with I — ct, c — 3 x 10 8 m/s, t ~ 
15 x 10 9 years, T v ~ 2K, and w - 10 20 eV, and for the 
neutrino part of the sea we find 



(f)~8x 10" ib rad, 



(71) 



which is exceedingly small. The antineutrino part of the 
sea gives a rotation with opposite sign, such that if the 
asymmetry parameter [M, L = (N v — N p )/N 7 , is zero, 
the resultant angle of rotation </> will be zero. The proper 
treatment for the case L ^ 0, is to include the chemical 
potential in the neutrino and antineutrino distribution 
functions. 
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FIG. 1: Diagrams for v e j — > f e 7 or 77 — » !/ e i/ e . The diagram 
(d) will give zero contribution. For each of (a), (b), (c) there 
is also a diagram with the photons interchanged. 
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FIG. 2: The helicity dependent differential cross sections for 

t/7 — » 1/7 are shown for y^i = m e . The solid line is da /dz, 

the dashed line is da++/dz, and the dotted line is da+-/dz. 
The da \-/dz is the same as da.\ /dz. 
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FIG. 3: The helicity dependent total cross sections for vy — > 

vy are shown. The solid line is a , the dashed line is cr++, 

and the dotted line is a+-. The ct_ + is the same as a+-. 
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FIG. 4: The helicity dependent differential cross sections for 
77 — > z/z> are shown for y^i = m e . The solid line is da + -/dz, 
the dashed line is d<j- + /dz, and the dotted line is da++/dz. 
The da--/dz is the same as da++/dz. 
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FIG. 5: The helicity dependent total cross sections for 77 — > 

vv are shown. The solid line is a^ and the dotted line is 

a++. The a-+ is the same as cr-i — , and a — is the same as 

CT++. 




FIG. 6: The polarization P(z) of the final photons in the 
process vy — » wy, as it is defined in the Eq. (|4q), is shown. 
The solid line is polarization for the center of mass energy 
y/s — m e , while the dashed line is for the center of mass 
energy y/s — 20 GeV, which is taken from the Ref. M . 



